Abstract. In this work we study the geodesic flow on nilmanifolds associated to graphs. We find explicit first integrals to show complete integrability of the geodesic flow on compact quotients, associated to singular Lie algebras. Also general graphs are studied and more examples of integrable geodesic flows as of non-integrable Lie algebras are shown.
Introduction
The study of the geodesic flow on a given Riemannian manifold M is a classical topic in geometry. The integrability of the geodesic flow imposes obstructions to the topology of the supporting manifold [23, 24, 19] . However integrability is not well understood. Even under restricted conditions, for instance on locally homogeneous manifolds, there is no general theory to determine the complete integrability of the geodesic flow.
Lie groups and their compact quotients were already used to answer nice questions [2, 3, 4, 5, 20] . For 2-step nilpotent Lie groups Butler introduced the notion of non-integrable Lie algebras, and proved that the geodesic flow on manifolds arising from Lie groups with non-integrable Lie algebras cannot be integrable. It is not hard to see that non-integrable Lie algebras are singular. In the same work Butler [6] proved non-commutative integrability for manifolds associated to almost nonsingular Lie algebras. Since Bolsinov and Jovanovic [2] proved that integrability in the non-commutative sense implies Liouville integrability, we get integrability on manifolds M = Γ\Narising from almost non-singular Lie algebras. Thus we have some questions between the type of the Lie algebra n, as non-singular, almost non-singular or singular, and the integrability of the geodesic flow on M = Γ\N: n almost non-singular =⇒ integrability on M; n non-integrable =⇒ the geodesic flow on M non-integrable.
n non-integrable =⇒ n singular. It is natural to ask about the converse of the implications above. In this work we deal with these questions. We study a family of nilmanifolds arising from graphs. Dani and Mainkar [7] introduced these 2-step nilpotent Lie algebras n G to study automorphisms of the Lie algebra which give rise to Anosov automorphisms on nilmanifolds. More recently, in [8] the authors find Heisenberg like algebras and conditions are given on the graph G and on a lattice Γ ⊂ N for which the quotient Γ\M, a compact nilmanifold, has a dense set of smoothly closed geodesics.
We start the work by recalling the construction of the Lie groups from graphs and the existence of lattices. We offer preliminaries to study the geodesic flow on nilmanifolds. More details can be found in [15] . Summarising our results we get:
• There exists a family of compact manifolds M = Γ\N with integrable geodesic flow such that the Lie algebra of N is singular. They are associated to the star graphs on k +1-vertices, S k , for k ≤ 3. For k = 2 the Lie algebra arising from the graph is the Heisenberg Lie algebra of dimension three. Topologically the compact quotients are T 2k -bundles over S 1 .
• Nilmanifolds Γ\N for N constructed from complete graphs on s-vertices, K s , are -non-integrable for s = 2n + 1. This generalizes the example in Butler [6] . -almost non-singular for s = 2n.
• Let G denote a connected graph on k vertices with k ≤ 4. Then except for the complete graph K 3 , any 2-step nilpotent Lie group N G so as the corresponding compact quotient admits a completely integrable geodesic flow. Tools and techniques used here have no direct relationship with the previous theory developped in the 80's. We refer to Hamiltonian sytems constructed with an algebraic data as in the Adler-Kostant-Symes scheme [16, 22] , or the work by Thimm concerning the geodesic flow in [25] . In these cases the underlying manifold was related to semisimple Lie groups, where ad-invariant functions induce first integrals once there exists an ad-invariant metric on the Lie algebra. The point of having an ad-invariant metric makes the adjoint and coadjoint representation equivalent. On solvable and a more general class of Lie algebras, an ad-invariant metric does not necessarily exist and this makes difficult the application of these tools. Also the question of complete integrability on orbits on Lie algebras were considered in [12, 13, 18] . In the present paper we study invariant functions and we relate them to coadjoint orbits via the Gauss map. Notice that invariant functions are trivially induced to any compact quotient Γ\N. That is the reason to search first integrals of this kind.
Graphs and 2-step nilpotent Lie groups
Let N denote a 2-step nilpotent Lie group equipped with a left-invariant metric , . Its Lie algebra n decomposes as the orthogonal sum
where z is the center of n. In this situation each element Z ∈ z induces a skewsymmetric linear map on v, j(Z) : v → v, given by
The geometry of N is encoded in the maps j(Z) [9] .
Recall that whenever N is simply connected, the exponential map, exp : n → N, is a diffeomorphism with inverse map log : N → n. Moreover one has the formula:
It is not hard to see that by choosing a basis of n, namely X 1 , . . . , X n so that a general left-invariant vector field X is written as X = n i=1 X i then the exponential maps X to (x 1 , x 2 , . . . , x n ) for the usual coordinates in R n . As usual we say that a lattice in N is a discrete closed subgroup Λ such that the quotient space Λ\N is compact. The resulting compact manifold M := Λ\N is called a compact nilmanifold.
The question of existence of lattices in nilpotent Lie groups is treated in the next result.
Theorem 2.1.
[21] A simply-connected nilpotent Lie group N admits a lattice if and only if there exists a basis {X 1 , . . . , X n } of the Lie algebra n of N such that the structure constants arising in the brackets
(i) Let n have a basis with respect to which the structure constants are rational. Let n Q be the vector space over Q spanned by this basis. Then, if L is any lattice of maximal rank in n contained in n Q , the group generated by exp(L) is a lattice in N. (ii) If Γ is a lattice in N, then the Z-span of log(Γ) is a lattice L of maximal rank in the vector space n such that the structure constants with respect to any basis contained in L belong to Q.
For a given lattice Γ in a connected and simply-connected nilpotent Lie group G, the subset log(Γ) need not to be an additive subgroup of the Lie algebra n. The de Rham cohomology of a nilmanifold can be done using invariant differential forms, i.e. by the Chevalley-Eilenberg cohomology H * (n) of n. This is the case if the Mostow condition holds, namely, the algebraic closures A(Ad G (G)) and A(Ad G (Γ)) are equal, see for instance [[21] 
induces an isomorphism between the Lie-algebra cohomology of n and the de Rham cohomology of M,
A distinguished family of 2-step nilpotent Lie algebras can be constructed starting with a graph G. Let G be a directed graph with at least one edge. Denote the vertices of G by S = {X 1 , . . . , X m }, the edges of G by E = {Z 1 , . . . , Z q }.
The Lie algebra n G is the vector space direct sum n G = v ⊕ z where we let E be a basis over R for z and S be a basis over R for v. Define the bracket relations among elements of S according to adjacency rules:
• if Z k is a directed edge from vertex X i to vertex X l then define the skewsymmetric bracket [X i , X l ] = Z k .
• If there is no edge between two vertices, then define the bracket of those two elements in S to be zero.
Extend the bracket relation to all of v using bilinearity of the bracket.
Remark 2.2. In [17] it was proved that the two-step nilpotent Lie algebras associated with two graphs are Lie isomorphic if and only if the graphs from which they arise are isomorphic.
Choose the inner product on n G so that S ∪ E is an orthonormal basis for n G . The maps j(Z) : v → v are then given by Definition 1 and are linear over Z ∈ z.
Example 2.3. The star graph S k has k + 1 vertices V 0 , V 1 , . . . V k and edges Z i that relate the vertices V 0 and V i . So in the above construction the Lie bracket gives
Therefore j(Z) is singular for k + 1 > 2, that is for the star graph with k + 1 > 2 vertices.
Example 2.4. The complete graph on n vertices K n is the graph which has an edge between every pair of distinct vertices. The graph K 2 corresponds to the Heisenberg Lie algebra of dimension three, it has two vertices V 1 , V 2 and one edge Z,
On the other hand the complete graph K 3 has three vertices V 1 , V 2 , V 3 and three edges Z 1 , Z 2 , Z 3 .
Let n K 3 denote the corresponding 2-step nilpotent Lie algebra where we have the Lie brackets
Let , denote the metric on n K 3 that makes this basis into an orthonormal basis. The map j(Z) : v → v has a matrix presentation
More generally consider the complete graph on n vertices, K n . The dimension of the center is dim z = n 2 = dim so(n). Thus
• if n is odd, every j(Z) is a singular map for every Z ∈ z;
• if n is even, there exists Z ∈ z such that j(Z) is non-singular. In fact, assuming V 1 , V 2 , . . . V 2s are vertices and
, take the non-singular map j(Z) with matrix
The maps j(Z) enable the following definitions. A 2-step nilpotent Lie algebra n is said
• non-singular if ad(X) : n → z is surjective for all X / ∈ z. The fact of being n non-singular is equivalent to asking j(Z) non-singular for any Z ∈ z − {0} for a (any) metric on n (in fact this does not depend on the choice of the left-invariant metric, see for instance [9] ); • almost non-singular if j(Z) is non-singular for every Z in an open dense subset of z.
• singular if j(Z) is singular for all Z in z. Every 2-step nilpotent Lie algebra belongs to one and only one of the types nonsingular, almost non-singular or singular [14] .
In particular whenever a 2-step nilpotent Lie algebra n is equipped with a metric, if there are two nonzero elements Z, Z ′ ∈ z such that j(Z) is non-singular and j(Z ′ ) is singular, then the Lie algebra n is almost non-singular.
Remark 2.5. Assume that G is a graph with at least one edge. If the graph G is isomorphic to the complete graph K 2 then its Lie algebra n G is non-singular (this Lie algebra is also isomorphic to the Heisenberg Lie algebra of dimension three).
Assume G is not isomorphic to K 2 . Thus G contains an edge Z and a vertex X for which the edge Z is not incident to the vertex X. Then j(Z)X = 0, hence n G is either almost non-singular or singular. See Lemma 3.3 in [8] .
Lemma 2.6.
[8] Let G be a graph with at least one edge. The Lie algebra n G is non-singular if and only if G = K 2 , the complete graph on two vertices.
In general the Lie algebra n G arising from a graph G will be almost non-singular or singular.
Definition 2.7. Let n be a 2-step nilpotent Lie algebra.
(i) For λ ∈ n * , let n λ := {X ∈ n : ad * (X)λ = 0}. (ii) A λ ∈ n * is called regular if n λ has minimal dimension. (iii) n is called non-integrable if there exists a dense open subset W of n * × n * such that for each (λ, µ) ∈ W, both λ and µ are regular and [n λ , n µ ] has positive dimension.
We can read this non-integrability property at the Lie algebra level. Let n denote a Lie algebra equipped with an inner product , and assume one has the splitting as direct sum of vector spaces
Assume ℓ V +Z is regular, thus for n non-singular or almost non-singular, it is clear that n V +Z = z. In both cases for both λ, µ regular, one has [n λ , n µ ] = 0.
Corollary 2.8. Let n denote a non-integrable Lie algebra n then n must be singular.
Example 2.9. In [6] Butler showed an example of a non-integrable Lie algebra. Its Lie group has Lie algebra isomorphic to K 3 .
More generally assume that n is odd, n = 2k + 1 > 2, and G = K n is the complete graph. As mentioned above the Lie algebra n G is singular. Roughly speaking the graph K 2k+1 can be constructed from the complete graph K 2k by adding one vertex and all the edges joining the added vertex with the previous ones.
Let S denote the set of vertices, assume |S| = n with n = 2k + 1 and choose the vertex V 2k+1 ∈ S. Denote by Z ij (or Z i,j ) the basis element in z such that
so that the restriction of j(Z) is non-singular on the vector subspace w 2 of dimension 2k spanned by
It is clear that ℓ Z and ℓZ are regular in n *
Proposition 2.10. Let n = 2k + 1 ∈ N with k ≥ 1 and let G = K n denote the complete graph on n vertices. The corresponding Lie algebra n G is non-integrable.
We summarize some results concerning the structure of a graph in relation of the question of singularity or not, which was investigated in [8] .
Proposition 2.11.
[8] Let G be a graph. Then the associated 2-step nilpotent Lie algebra n G is either singular or almost non-singular.
Further if G has more than one connected component, n G is almost non-singular if and only if each connected component is either non-singular or almost non-singular.
Let G be a graph, where S is the set of vertices. Assume |S| > 1 is odd. Let n G be the associated 2-step nilpotent Lie algebra. For any Z ∈ z the corresponding map j(Z) is skew symmetric on an odd dimensional vector space v. Thus it always has 0 as eigenvalue of j(Z) and n G is non-singular.
Assume |S| > 2 is even. Then the associated 2-step nilpotent Lie algebra is either singular or almost non-singular. Let Z 1 , . . . Z n denote the set of edges of G. By construction if |S| > 2 the j(Z i ) is non-singular. However it could be possible to have a Z ∈ z such that j(Z) is non-singular. And so n G would be almost nonsingular.
Let G be a graph with vertices V 1 , V 2 , . . . , V 2n . We say that G has a vertex covering by n disjoint copies of K 2 if there a permutation σ ∈ S 2n such that X σ(2i−1) X σ(2i) is an edge of G, for all i = 1, 2, . . . , n where S 2n denotes the symmetric group. Proposition 2.12.
[8] Let G be a graph with 2n vertices and n > 1. The associated 2-step nilpotent Lie algebra n G is almost non-singular if and only if G has a vertex covering by n disjoint copies of K 2 .
Example 2.13. Connected graphs in low number of vertices and its type.
(i) n = 2: the complete K 2 : non singular, (ii) n = 3: the complete K 3 : singular, the star graph S 3 : singular; (iii) n = 4: The star graph S 4 and the (corresponding to) almost-non-singular: the complete K 4 , the cycle C 4 , the path in four vertices P 4 , G 1 and G 2 . See [8] . The graphs G 1 and G 2 are the two non-isomorphic graphs one obtains as subgraphs of K 4 , by erasing one or two edges.
The geodesic flow on nilmanifolds
Here we consider the geodesic flow on Lie groups equipped with a left-invariant metric. In the first part we recall the general setting and in the second part we concentrate in the study of invariant first integrals. For a given Lie group N equipped with a left-invariant metric with Lie algebra n, the symplectic structure on the tangent bundle T N is related to that one on coadjoint orbits.
Let T N denote the tangent bundle of the Lie group N. The geodesic field arises as the Hamiltonian vector field of the energy function E : T N → R,
Recall that T N as a Lie group is the direct product of N with the abelian Lie group n. The pair (p, Y ) ∈ N × n corresponds to the tangent vector dL p (Y e ) ∈ T p N, for L p : N → N the multiplication on the left by p. A tangent vector v ∈ T p N is associated to (p, V ) ∈ N × n, where V is the left-invariant vector field with V e = (dL
The geodesic field on T N is the vector field associated with the geodesic flow
where γ(t) is the geodesic on N with initial conditions
To study the integrability of the geodesic flow one introduces a Poisson bracket on
where Ω is the canonical symplectic form on T N, and X f , X g are the Hamiltonian vector fields of f and g respectively. Recall that for a smooth function h : T N → R, the Hamiltonian vector field of h, denoted by X h is implicitly given by
On the other hand, the gradient field of h, denoted by grad h is given by
where the metric on T N is the product metric:
We say that a smooth function f : T N → R is a first integral of the geodesic flow if f is constant along the integral curves of the geodesic field, or equivalently if
Notice that the gradient field of the energy function for a left-invariant metric is grad E(p, Y ) = (0, Y ). In fact
The proof of the following proposition arises from definitions above. See [15] .
Proposition 3.1. Let N denote a Lie group equipped with a left-invariant metric. Let f, g ∈ C ∞ (T N) be smooth functions with
where ad t (V ) denotes the transpose of ad(V ) with respect to the metric on n.
(ii) the Poisson bracket follows
In particular, for a 2-step nilpotent Lie group one has:
• For the energy function E : T N → R, its Hamiltonian vector field is
•
is a first integral of the geodesic flow on T N if and only if
Let f, g : T N → R be smooth functions. We say that they are in involution whenever they Poisson commute, that is {f, g} = 0.
Thus first integrals of geodesic flow are those functions in involution with the energy function. Also the definitions above imply that say {f, g} = 0 if and only if df (X g ) = 0 if and only if X g (f ) = 0 (and also X f (g) = 0). Therefore f is constant along integral curves of X g (analogously for X f ).
A main trouble is to find functions which are in involution. There exist some constructions. For instance if M is a Riemannian manifold and X * is a Killing field on M, then the function f X * :
, v is a first integral of the geodesic flow. But in general it is not clear if one can produce enough functions in involution for proving the complete integrability. One can prove that a given system cannot be completely integrable. For 2-step nilpotent Lie groups one has an algebraic condition which implies the nonintegrability.
Let N denote a Lie group equipped with a left invariant metric g. We say that Λ ⊂ N is a lattice if Λ is a discrete subgroup such that the quotient Λ\N is compact. Sometimes one also says that Λ is a discrete cocompact subgroup of N. In this case the metric g is induced to the quotient and it is also denoted by g. It satisfies g(dp m X, dp
where p : N → Λ\N is the canonical projection. One looks for first integrals not only on N but on the compact quotients Λ\N. 3) Let n be a non-integrable 2-step nilpotent Lie algebra with associated simply connected Lie group N. Assume that there exists a discrete, cocompact subgroup Λ of N. Then for any such Λ and any left-invariant metric g on N, the geodesic flow of (Λ\N, g) is not completely integrable.
Example 3.4. Proposition 2.10 and the previous theorem imply that starting with the complete graph K n , with n odd, and equipped with any left-invariant metric, the corresponding geodesic flow is not completely integrable on any compact quotient.
3.1. Invariant functions and the coadjoint action. The goal now is the study of invariant functions. We clarify the relationship between the tangent space and the coadjoint orbits with help of the Gauss map. The importance of invariant functions in relation with the complete integrability problem is that they descend to any compact quotient Λ\N for any lattice Λ ⊂ N. Let N denote a Lie group. The natural action of N on T N ≃ N × n is given by
As an example notice that the energy function on T N is invariant whenever the metric is left-invariant.
Concerning invariant functions in C ∞ (T N) for a Lie group N, we can see the following.
(i) The gradient field for an invariant function F : T N → R has the form grad (p,Y ) (F ) = (0, V ) for some V ∈ n. Thus the corresponding Hamiltonian vector field is given by
where ad t (V ) denotes the transpose of ad(V ) relative to the metric on n.
(ii) The set of invariant functions {F : T N → R : F invariant } is in correspondence with the set of functions on n: {f : n → R}. In fact, given an invariant function F : T N → R define f : n → R as f (Y ) = F (e, Y ) and conversely given f : n → R define an invariant function F : T N → R by
(iii) Let F 1 , F 2 : T N → R be invariant functions with corresponding gradients grad(
In fact one has
Notice that V F i = grad n F i where we think the invariant function F i as F i : n → R due to the correspondence. The next proposition specifies some invariant functions which are first integrals of the geodesic flow. See the proof in [15] . Many symplectic manifolds are the orbits of the coadjoint actions translated via de metric. A given Lie group N acts on the left on the dual space n * by the coadjoint action: (g · ξ)(Y ) = ξ • Ad(g −1 )(Y ). Assuming a metric on the Lie algebra n, the coadjoint action is induced to n by:
where Ad t (h) denotes the transpose of the Adjoint map relative to the metric, Ad t (h)(X), Y = X, Ad(h)Y for all h ∈ N, X, Y ∈ n. Any orbit of this action has the form
Also tangent vectors to the orbit are induced by vector fields on N:
A vector X belongs to the isotropy algebra n Y if and only if Ad t (exp(−X))(Y ) = Y equivalently ad t (X)(Y ) = 0, thus the Lie algebra of the isotropy subgroup at Y consists of
Example 3.6. Symplectic orbits have different dimensions. As example consider a 2-step nilpotent Lie algebra n with orthogonal decomposition n = v ⊕ z, where
For a general element Y ∈ n, take Y = V + Z ∈ v ⊕ z. Thus ad t (X)(Y ) = j(Z)X so that the dimension of N Y equals the dimension of the vector subspace {j(Z)X : X ∈ n} the image of j(Z), for Y = V + Z ∈ v ⊕ z.
A symplectic structure is defined on coadjoint orbits. In fact for Y ∈ n take and X,Ũ vector fields at Y take
for all X, U ∈ n.
Notice that ω Y (X,Ũ) = 0 for all U ∈ n if and only if ad t (X)(Y ) = 0 so that X belongs to the isotropy Lie algebra of the action.
As for the cotangent space this symplectic structure on the orbits induces a Poisson bracket on the Lie algebra. In fact let f : n → R be a smooth function. One has the Hamiltonian vector given in the formula
On the other hand
so that comparing the expressions above it follows that
the gradient of f defined in the usual way. Making use of this, the Poisson bracket between two functions f, g ∈ C ∞ (n) is given by
where V f , V g respectively denote the gradients of f, g. Let N denote a Lie group with Lie algebra n. The Gauss map G : T N → n is given by G(p, Y ) = Y . Thus its differential dG (p,Y ) (U, V ) = V and its pullback δG : n * → T * N extends to the exterior algebra. In particular one has
A smooth function f : n → R, induces a smooth function F : T N → R defined as
It is not hard to see that the gradient of F is given by grad
On the other side, given F :
Y ) if and only if F is invariant (see 3.1).
In view of this, for this kind of functions the Poisson bracket on n is in correspondence with the Poisson bracket on T N, {F 1 , F 2 }(p, Y ) = {F 1 , F 2 }(e, Y ), and via the identification
We summarize below these results. Proposition 3.7. Let N denote a Lie group with Lie algebra n. Let G : T N → n denote the Gauss map.
(i) For functions f 1 , f 2 : n → R one has f i • G : T N → R so that for every (p, Y ) ∈ T N:
where
if and only if F is invariant. In this case we have the commuting diagram
So for smooth invariant functions F i : T N → R, with associated functions f i : n → R:
, the Poisson bracket follows as in Equation (5):
In the following paragraphs we shall explain a construction of invariant functions for 2-step nilpotent Lie groups.
These functions appeared in [6] , see also [10, 11] . Assume N is a 2-step nilpotent Lie group with Lie algebra n. Let , denote a left-invariant metric on N which gives the orthogonal decomposition
Thus f i is invariant for every i and it is not hard to see that the gradient is
which implies that f i is a first integral of the geodesic flow on N. It also holds
that says that they are in involution, {f i , f j } = 0, implying the next result [6] . Moreover if n is almost non-singular, the functions f i are linearly independent. See [6] . Proposition 3.8. Let N denote an almost non-singular 2-step nilpotent Lie group equipped with a left-invariant metric , . Let n denote its Lie algebra with orthogonal splitting n = v ⊕ z, where dim v = 2n. For i = 1, . . . , n, the invariant functions f i : T N → R given by
are first integrals of the geodesic flow which are pairwise in involution.
Example 3.9. Let P 4 denote the graph which is the path of length three on four distinct vertices. Assume the vertices are V 1 , V 2 , V 3 , V 4 and let n P 4 be the 2-step nilpotent Lie algebra associated with this graph with the Lie brackets
Assume the metric so that V 1 , V 2 , V 3 , V 4 , Z 1 , Z 2 , Z 3 is an orthonormal set. Then j(Z i ) is singular for every i but j(Z 1 +Z 3 ) is non-singular. Thus n P 4 is almost non-singular. Note that a general j(aZ 1 + bZ 2 + cZ 3 ) in the basis V 1 , V 2 , V 3 , V 4 has a matrix of the form
It is not hard to prove that a symmetric map on v inducing a invariant function on
AY, Y gives a first integral of the geodesic flow only for for A = Id. In fact one verifies that Id is the only solution for symmetric maps S : v → v satisfying the condition [S, J(Z)] = 0 for all Z ∈ z. Thus we consider the functionh : n P → R given byh(V + Z) = V, j(Z) 2 V where
This induces the invariant first integral on T N P given by h(p, Y ) =h(Y ) as in Proposition (3.8) . So the invariant functions we get are Invariant functions clearly descends to any compact quotient Λ\N P for any cocompact lattice Λ, since the Lie algebra has rational structure constants. We need two more functions to have the complete integrability (in the Liouville sense) in this case.
The geodesic flow for graphs
Here we study the integrability of the geodesic flow on 2-step nilpotent Lie groups arising from graphs.
We consider two situations: star graphs and graphs in a low number of vertices. We show complete integrability of geodesic flows on compact manifolds induced from star graphs so as on the corresponding simply connected Lie groups. Notice that the corresponding Lie algebras are singular.
For graphs with k vertices, k ≤ 4, we study integrability given firstly by noncommutative integrability. Liouville integrability is proved for the almost nonsingular cases.
4.1. Star graphs. Let S k be the star graph on k +1 vertices introduced in Example 2.3. Let N S k denote the simply connected 2-step nilpotent Lie group for the Lie algebra associated to it. Consider its presentation by the underlying manifold R 2k+1 as follows.
Denote by ∂ u the derivation on R 2k+1 with respect to the variable u. It is clear that a basis of left invariant vector fields is given by
where p = ((x 0 , x 1 , . . . , x k , z 1 , . . . , z k ) ∈ N. These vector fields satisfy the non-trivial Lie bracket relations
Consider the metric on R 2k+1 which makes of this basis an orthonormal basis. In canonical coordinates it is given by
Notice that the exponential map exp :
where V i , Z j are the left-invariant vector fields above for all i = 0, 1, . . . , k, j = 1, . . . , k. Any right-invariant vector field on N S k may be regarded as a Killing vector field (associated with a 1-parameter subgroup of left-translations). In particular, we have the following basis of right-invariant vector fields
Notice that Z * = Z for every Z ∈ z. We induce smooth functions on T N given by
which are first integrals of the geodesic flow, for all j = 1, . . . , n and for exp(W ) = p ∈ n. It is not hard to see that for j = 1, . . . , n the corresponding gradient fields are given by
which are linearly independent whenever Y, V 0 − n j=1 Y, V j Y, Z j = 0, therefore on a dense subset. This proves the following result.
Lemma 4.1. Let S k denote the star graph. Take notations as in Equation 7 . Thus, the smooth functions on T S k denoted by f V * j are pairwise in involution for j = 1, . . . n.
Moreover the geodesic flow on N S k is completeley integrable (in the Liouville sense) since the set of first integrals {E,
satisfies that any pair of first integrals is in involution and the corresponding gradients are linearly independent on an open dense set.
We only have to prove that {f
Recall that V 0 is orthogonal to every V i for i = 1, . . . , k. This proves the lemma. Note that all first integrals above are polynomials on the coordinates of (p, Y ). In
. . , z k ) for p ∈ N and coordinates (y 0 , y 1 , . . . , y k , t 1 , . . . , t k ) on n relative to a basis of left-invariant vector fields. Take Let γ denote a geodesic on N S k . Set γ(t) = exp(X(t) + Z(t)) where X(t) ∈ v and Z(t) ∈ z with initial condition X 0 + Z 0 , satisfy the following system of equations (see [9] ) (8)
The map j(Z 0 ) showed in Example 2.3 is singular. Its kernel is {V ∈ v : V = k j=0 v j V j , where v 0 = 0 and (v 1 , . . . , v k ) ∈ (a 1 , . . . , a k ) ⊥ }, where we are thinking in the usual inner product for vectors in R k . Thus if {g t } denotes the geodesic flow in T N, for every n ∈ N, and X 0 ∈ v, Z 0 ∈ z, then
where γ(t) denotes the unique geodesic with γ ′ (0) = dL n (X 0 + Z 0 ). and let us define
So the functionsF k are smooth (non-analytic) first integrals for the geodesic flow on T (Λ (r,m) \N S k ). It follows from a direct calculation that the families f Z i ,F j , i = 1, . . . , k are in involution. So the geodesic flow in T (Λ (r,m) \N S k ) is completely integrable in the sense of Liouville. LetH ⊂ N S k be the normal subgroup of dimension 2k defined asH = {g ∈ N S k / g = (v, z) and v = (0, x 1 , . . . , x k )}. Note thatH is a abelian andΛ (r,m) = H ∩ Λ (r,m) is a lattice inH. SoΛ (r,m) \H ≃ T 2k .
Note that N S 1 is (isomorphic to) the Heisenberg Lie group. In fact this is modeled on R 3 with the group operation given by
But there is another presentation which is given in terms of matrices and H shows an isomorphism between the two models. The subgroup of matrices Γ r of the form
for a fixed r ∈ N gives rice to a cocompact lattice in H 3 . Moreover denoting bȳ Γ r the subgroup isomorphic to Z and byΓ the subgroup isomorphic to Z 2 given respectively byΓ r = {(rn, 0, 0) : n ∈ Z}Γ = {(0, m, q) : m, q ∈ Z} we get the semidirect product group Γ r ≃Γ r ⋉Γ where the action is given by rn · (m, q) = (m, q + rnm). So the map Ψ :Γ r ⋉Γ → Γ r given as (rn, (m, q)) → (rn, m, q) is an isomorphism. Now the action ofΓ on H 3 gives (0, m, q) · (x, y, z) = (x, y + m, z + q) so thatΓ\H 3 ≃ R × T 2 .
One also has (rn, 0, 0) · (0, m, q) · (x, y, z) = (0, m, q) · (rn, 0, 0) · (x, y, z).
Finally the action ofΓ r on R × T 2 gives the action of S 1 on R × T 2 and Γ r \H 3 is a T 2 -bundle over S 1 :
It is known that a similar procedure on H 2n+1 shows that Heisenberg nilmanifolds Γ\H 2n+1 , as topological spaces are T n+1 -bundles over T n see [2] . Let us see the fibration we get from the nilmanifolds arising from every star graph. First notice that a presentation of N S k is given by the (k + 2) × (k + 2)-matrices of the form
where we think in the usual matrix multiplication. The map Ψ :
gives an isomorphism between both presentations. Now take the lattice Γ r ⊂ N S k given by matrices of the form
The action of the abelian subgroupΓ = {(0, m 1 , m 2 , . . . , m k , q 1 , q 2 , . . . , q k ) :
. . , z k + q k ) and take the action of Γ r = {(rn, 0, . . . , 0) : n ∈ Z}: (11) (rn, 0, . . . , 0) · X 0 = (x 0 + rn,
from which left multiplication by the element (0, m 1 , m 2 , . . . , m k , q 1 , q 2 , . . . , q k ) gives the result above in Equation (11) . So we get that the compact manifold Γ r \N S k is a T 2n -fibration over S 1 :
The action of S 1 on each torus T 2 is given by the induced matrix 1 r 0 1 .
As above Γ r ≃Γ r ⋉Γ. We have • rZ ≃Γ r = {u ∈ Γ r : u = (rn, 0, . . . , 0), n ∈ Z} and
•Γ r acts onΓ by left multiplication induced from the group:
Remark 4.4. If the smoothly closed geodesics in a nilmanifold Γ\N are dense, then the nilmanifold has the density of closed geodesics property (DCG). In [8] the authors give conditions on the graph G and on a lattice Γ ⊂ N for which the quotient Γ\N, a compact nilmanifold, has a dense set of smoothly closed geodesics. In fact Theorem 5.20 in [8] proves that for the nilmanifold Γ\N, where N arises from K 3 and Γ is a lattice, then the DCG property holds, however the geodesic flow cannot be integrable as proved by Butler. 4.2. Non-commutative integrability and graphs. Here we prove the integrability of geodesic flows on manifolds associated to graphs in a low number of vertices, k where k ≤ 4.
Let H : T N → R denote a smooth function. One says that it is integrable in the non-commutative sense of Nekhorosev or simply integrable if one has the following conditions. Assume F = (H = f 1 , . . . , f nk , g 1 , . . . , g 2k ) is a smooth map on T N where dim N = n and k ≥ 0, that satisfies the three conditions:
(i) rank dF = n + k on an open, dense subset of T N;
(ii) for all a, b = 1, . . . , nk and all c = 1, . . . , 2k : {f a , f b } = {f a , g c } = 0; (iii) for each regular value c ∈ R n+k , each connected component of F 1 (c) is compact. In this situation the Theorem of Nekhorosev describes the level sets of F , and the flow for the Hamiltonian X H in terms of a flow on the torus. In [6] Butler proves in the non-commutative sense of the geodesic flow for D\N where D is a cocoampact lattice on N and N is 2-step nilpotent Lie group whose Lie algebra is almost non-singular. In fact one can find 3s + t first integrals, where dim v = 2s and dim z = t. These functions can be obtained by the two ways studied in this section, those invariant functions from Proposition 3.8 and the n functions arising from a basis a right-invariant vector fields.
Since Bolsinov and Jovanovic [2] proved that integrability in the non-commutative sense implies Liouville integrability, the previous results of Butler give the Liouville integrability for an important family of 2-step nilpotent Lie groups and their compact quotients.
Let us explain the construction. Let N denote a Lie group equipped with a leftinvariant metric and with Lie algebra n = v ⊕ z with dim v = 2n, dim z = m. Making use of Killing vectors we construct 2n + m first-integrals of the geodesic low. With Proposition 3.8 we construct n invariant first integrals. Assume this is a Lie algebra. In this Lie algebra we have n + m which are in involution. So that this gives: 2n + m + n + n + m = 2m + 4n = dim T N. This gives the complete integrability for almost non-singular Lie algebras. As corollary one gets the next result.
Corollary 4.5. Let G denote a connected graph on k vertices with k ≤ 4. Then except for the complete graph K 3 , any 2-step nilpotent Lie group N G so as the corresponding compact quotient admits a completely integrable geodesic flow.
Take the graphs in Example 2.13: For two vertices, we have the Heisenberg Lie algebra of dimension three whose geodesic flow is completey integrable with any left-invariant metric. For three vertices, the connected graphs are S 3 and K 3 which were explained above. We need to concentrate in algebras coming from graphs with four vertices. Example 4.6. Let P 4 the path in four vertices. Let N P 4 denote the 2-step nilpotent Lie group associated to P . Then N p has dimension seven. Take p = exp(W ) and the functions on T N P given by
In this situation we do not need the functions of Proposition 3.8. In fact Killing vectors give rise to a subalgebra of first integrals of dimension 7. Among these first integrals, we have 3 from the center which are in involution and also two more functions, for instance f V * 1 and f V * 4 which are in involution. So we have 7+1+5+1 = 14, and applying the results in [2] we get the complete integrability in this case. Here we did not make use of invariant first integrals from Proposition 3.8. In fact, sometimes we are able to replace these n functions by other n-functions coming from Killing vectors, as for n P 4 .
